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Abstract.

The ability of a robot to improve its performance on a task can be critical, especially
in poorly known and non-stationary environments where the best action or strategy is
dependent upon the current state of the environment. In such systems, a good estimate
of the current state of the environment is key to establishing high performance, however
quantified. In this paper, we present an approach to state estimation in poorly known and
non-stationary mobile robot environments, focusing on its application to a mine collection
scenario where performance is quantified using reward maximization. The approach is based
on the use of augmented Markov models (AMMs), a sub-class of semi-Markov processes.
We have developed an algorithm for incrementally constructing arbitrary-order AMMs on-
line. It is used to capture the interaction dynamics between a robot and its environment in
terms of behavior sequences executed during the performance of a task. For the purposes
of reward maximization in a non-stationary environment, multiple AMMSs monitor events
at different timescales and provide statistics used to select the AMM likely to have a good
estimate of the environmental state. AMMs with redundant or outdated information are
discarded, while attempting to maintain sufficient data to reduce conformation to noise.
This approach has been successfully implemented on a mobile robot performing a mine
collection task. In the context of this task, we first present experimental results validating
our reward maximization performance criterion. We then incorporate our algorithm for state
estimation using multiple AMMs, allowing the robot to select appropriate actions based on
the estimated state of the environment. The approach is tested first with a physical robot, in
a non-stationary environment with an abrupt change, then with a simulation, in a gradually
shifting environment.

Keywords: mobile robots, reward maximization, on-line modeling, collection tasks, non-
stationary environments

1. Introduction and Motivation

In certain classes of mobile robot tasks, a robot may be required to perform
optimally with respect to the information it possesses about the structure
of its environment. Reward maximization may be used as a framework for
quantifying performance, with the robot receiving reward in proportion to
its success in executing the task. Reward maximization in a non-stationary
environment requires the robot to be able to maintain a good estimate of
the state of the changing environment and use that estimate to help select
appropriate actions. There are a number of issues that can compound the
difficulty of this problem:
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2 Goldberg and Matari¢

— The robot may have no a priori knowledge of the environment and thus
also lack a baseline for gauging the non-stationarity of that environment.

— Given only local sensing capabilities, the robot may require a significant
amount of time to estimate the state of the environment. Any estimate
of state, however, may be outdated in a non-stationary system.

— The nature of the task may be stochastic, with uncertainties large enough
to preclude an effective predictive model of environmental state, or dy-
namics too complex to make the development of such a model feasible
or tractable. Alternatively, however potentially simple the system, there
may be no a priori data with which to instantiate a model.

— Further, in a stochastic system, the variability associated with perform-
ing a task (or elements thereof) may be enormous and effectively mask
gradual shifts in the environment. Conversely, in a system with very low
variability, even minute shifts may be easily detected. Thus, effective esti-
mation of environmental state requires an understanding of the system’s
variability.

— Depending on the task or environment, the timescale at which the non-
stationarity manifests, and thus can be detected, may differ. For example,
in one task, the environmental change may be almost instantaneous (e.g.,
inside, lights being turned on/off), detectable over a short period of time.
In another task, the change may be slow and incremental (e.g., day
turning into night), requiring the examination of a large time interval
for detection. Hard-coding the robot with a specific timescale to use for
state estimation can be problematic. A timescale that is too small makes
the robot incapable of detecting the change. Conversely, a timescale that
is unnecessarily large delays detection of changes and may be undesirable
in time-critical situations.

As a concrete example, consider the task of collecting undetonated land
mines in a field. Assume that there are two types of mines, large and small,
with destructive power proportional to their size. The robot’s goal is to mini-
mize the total destructive power of the mine field as much as possible during
a given period of time. When the robot is rewarded in proportion to the
destructive power of the mines it collects, the goal becomes equivalent to
reward maximization. To accomplish its goal, the robot must have enough
data about its environment (the field) to intelligently decide whether it is
best to collect large mines or small ones each time a mine is encountered (we
assume that the robot can only collect one mine at a time). The difficulty of
this task is compounded when the issues mentioned above apply. The task is
likely stochastic, with unknown variability (for instance, finding a mine is a
probabilistic process, and the time required to do so may vary greatly from
one mine to the next). The robot may have no a priori information about the
numbers of large and small mines in the field, their distributions, or relative
proportions. The robot may also lack global sensing of the mines in the field.
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Reward Maximization in a Non-Stationary Mobile Robot Environment 3

These limitations relegate the robot to estimating the environmental state
while performing the task. With only an estimate, however, the robot may
not perform in a globally optimal manner. The goal, therefore, is to find a
good estimate of environmental state (i.e., one close to the true state) given
the limitations of the system.

If the environment is stationary, then all of the data the robot gathers may
be used to estimate the state, with more data presumably providing a better
estimate. Conversely, for non-stationary environmental state estimation, some
mechanism must exist for discarding old data. This is a tricky proposition. If
too much data are discarded, the estimate may be susceptible to noise and
variability; if too little are discarded, the estimate may be skewed and not
accurately represent the current state. This is analogous to the issues of over-
fitting and underfitting generally encountered in machine learning (Mitchell,
1997). The appropriate amount of data to be kept is not necessarily static
and pre-determinable, but rather, depends on the variances of the system
and the type of non-stationarity exhibited. Low variances require less data
(i-e., a smaller timescale) to characterize, as does non-stationarity exemplified
by abrupt shifts. Both high variances and gradually shifting non-stationarity
require greater amounts of data (i.e., a larger timescale) to characterize.

As an example, consider a normally distributed random variable (time
required to find a small mine) in two different systems (one with low small
mine density and the other with high density). In one system (the one with
high density), the random variable has a theoretical mean of 5.0 (minutes)
and variance of 1.0, in the other, a mean of 20.0 (minutes) and variance of
5.0. Using a straightforward confidence interval calculation it is easy to see
that establishing identical bounds on sample means requires 5 times (i.e., the
ratio of their variances) as much data for the latter system as for the former.
Similarly, a shift in the mean requires less data to detect when it is large
compared to the variance (i.e., abrupt), than when it is small (i.e., gradual).
Thus, a mechanism for estimating environmental state must accommodate
both the variances and the type of non-stationarity exhibited by the system.
Additionally, since multiple types of relevant non-stationarity and variances
may exist in the system, a state estimation procedure capable of dynamically
adjusting the amount of data considered is desirable.

We propose an algorithm that provides a moving average estimate of the
state of a non-stationary system. The algorithm dynamically adjusts the win-
dow size used in the moving average to accommodate the variances and type
of non-stationarity exhibited by the system, while discarding outdated and
redundant data. Our focus is the application of the algorithm to the problem
of reward maximization in a non-stationary environment.

The algorithm uses augmented Markov models (AMMs), and builds upon
our previous work with AMMs (Goldberg and Matari¢, 1999; Goldberg and
Matarié, 2001) to demonstrate another, potentially concurrent, application of
the model. Multiple AMMs are learned, capturing in real time the dynamics of
a robot interacting with its environment in terms of the behaviors it performs.
AMMs are created and maintained at different timescales, and statistics about
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the environment at those timescales are derived from them. The state of the
environment is thus estimated indirectly through the robot’s interaction with
it. Similar to many Markov models, individual AMMs cannot explicitly ac-
commodate non-stationary systems because transition dynamics are assumed
to be stationary. Maintaining multiple AMMs allows the modeling of average
system behavior over different intervals of time (i.e., different data sets), and
thus captures the changing nature of the system. As task execution progresses,
AMNMs are dynamically generated to accommodate new time intervals. Sets of
statistics from the models are used to determine whether old AMMSs contain
redundant/outdated data and thus should be discarded. This approach re-
quires no a priori knowledge, uses only local sensing, and captures the notion
of timescale. Additionally, it works naturally with stochastic task domains
where variations between trials may change the most appropriate amount of
data for state estimation.

The rest of the paper is organized as follows. In Section 2, we describe
the relationship between Markov chains, semi-Markov processes and AMMs.
This motivates the details of our AMM representation presented in Section 3.
Section 3 also presents an AMM construction algorithm that is able to dynam-
ically restructure an AMM to maintain a consistent first-order representation
of a higher-order system. We follow by considering the application of AMMs
to mobile robots in Section 4. Section 5 presents the Markov chain theory
applicable to AMMs and derives the statistics that will be used for reward
maximization and the dynamic moving average algorithm we present in Sec-
tion 6. In Section 7, we validate our approach using an implementation of the
mine collection task both with a real mobile robot and in simulation. Sections 8
through 10 present the validation results and experimental results for abruptly
and gradually changing non-stationary environments. In Section 11, we discuss
related work and Section 12 concludes the paper.

2. Markov Chains, SMPs, and AMMs

In this section, we develop the relationship between augmented Markov mod-
els (AMMSs), Markov chains, and semi-Markov processes in order to provide
theoretical context for our use of AMMs. We begin with Markov chains and
work towards AMMs.

A discrete, first-order Markov chain is a stochastic process {X,,,m =
1,2,3,...} with a finite or countable state space adhering to the following

property:
P{Xm+1 = | Xm = inmfl =lm—1,-.- 7X2 = Z'27)(1 = Zl}
= P{Xm+1 =J | Xm = Z}: (1)

for all states i1,i2,...,im—1,1,J, and all m > 1 (Ross, 1992). In other words,
the probability that the next state X, 41 is 7, given the current state (X, =)
and any past state (X; =41,...,Xm_1 = im—1), is dependent only upon the
current state i. In general, a stochastic process that satisfies Equation 1 is said
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to be first-order Markovian. If Equation 1 is independent of m, the Markov
chain has stationary transition probabilities. The models described in this
section all assume stationary transition probabilities.

In an nth-order Markov chain, Equation 1 takes the following form:

P{Xm+1 :j | X =6, Xmo1t =lim—1,...,X2=12,X3 :il}
= P{Xm—i-l =J | Xm =6, Xm-1=tm—1,--- 7Xm—n+1 = Z.m—n+1}- (2)

We assume that Equation 2 holds for state j and some n = n; < m, and
that for all states other than j the equation holds for some n < n;. In other
words, the probability of the next state is dependent on the current state and
at most n — 1 previous states.

In a Markov chain, the time spent in each state before a transition to a
different state follows a geometric distribution. A semi-Markov process (SMP)
is a generalization of a Markov chain allowing arbitrary state durations (Ross,
1992). We let Q;;(t) be the probability of remaining in state i for time < ¢
before transitioning to state j. If we let P;; = @;;(00), the P;; define the tran-
sition probabilities of the embedded Markov chain (Ross, 1992) and it follows
that >, P;; = 1. We let Fy;(t) = Qi;(t)/P;; be the conditional probability
of remaining in state ¢ for time < ¢ given the system has just entered state i
and will transition to state j. (Ross (1992) provides further details on Markov
chains and semi-Markov processes.)

An AMM (Goldberg, 2001) is a sub-class of SMP in which the time spent
in a particular state is not dependent upon the next state, i.e., F;;(t) = Fix(t)
for all states i, j, and k such that j, k # 4. In addition, before a self-transition,
the system remains in the current state for exactly one time step, giving:

_f0,ift<0
Fi'(t)_{l, ift>0

Though this formulation makes no assumptions about underlying distribu-
tions, the statistical tests we employ later in the paper do assume normal
distributions. This constrains Fj;(t) to be ®(u = 1/(1 — Py),0?), where
® is the normal cumulative distribution function (with mean and variance
determined empirically).

AMMs provide a compromise between the generality of SMPs and the
computational simplicity of Markov chains. They allow standard expectation
calculations from Markov chain theory to be easily combined with statistical
hypothesis tests such as ¢ and F' tests. Though clearly not applicable to every
problem, we will see that AMMs work naturally in modeling the interaction
dynamics between a mobile robot and its environment in terms of the behav-
iors executed during a task. Now that we have placed AMMs in the context
of Markov chains and SMPs, we provide further detail on the representation
used and on our AMM construction algorithm.
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3. Augmented Markov Models

We have shown that AMMSs are closely related to semi-Markov processes.
Unlike perhaps a straightforward SMP representation, our AMM representa-
tion incorporates additional statistics that are used during construction and
are available for applications. These statistics allow the AMM construction
algorithm to dynamically restructure a model in order to capture second-
order, or higher, Markovian systems in a first-order form. These statistics are
used in conjunction with state splitting to “unfurl” the higher-order tran-
sitions into first-order transitions. Maintaining a first-order representation
greatly simplifies many expectation calculations, allowing standard Markov
chain theory to be employed.

Before continuing, we clarify what an AMM is not. Unlike a Markov deci-
sion process (MDP), an AMM is not capable of capturing a decision process,
i.e., there is no explicit representation of actions, or a reward signal to indicate
the value of an action taken in a particular state. It also does not capture
partial observability, as does a partially observable Markov decision process
(POMDP) (Kaelbling et al., 1998). In an AMM, the state of the world is
assumed to be known, with one exception: the AMM construction algorithm
does not decide a priori on the structure (order) of the Markov model best
capable of capturing the system. Instead, the order of the model is incremen-
tally generated and state splitting is used to capture hidden state arising from
the higher-order nature of the system. Unlike POMDPs and MDPs which can
learn controllers, AMMs are perhaps best utilized in gathering statistics about
controller execution to be used for improving performance. That is how AMMs
are utilized in this work. In the next section we present the representational
components of AMMs.

3.1. REPRESENTATION OF AMMSs

An AMM is defined as a four-tuple (V, S, A, T'):

1. V, a set of observation symbols {vy,vs,...,var}, each associated with at
least one state.

2. S, a set of states {s1, s2,...,sn}. Each s; has three attributes:

— s7, the symbol that the state recognizes, an element of V;

— s¥, the average number of time steps that the system remains in s;
whenever it enters that state;

2 . . .
— 877, the variance associated with s!';

3. A, an N x N matrix of state transition probabilities. Each element, a;;, is
the probability of a transition from state s; to state s;, with Ejvzl a;; = 1.

4. T, aset of structures {T, ... , T™mex} each with elements {t7, 2, ... o, )
storing information on a particular n-step transition sequence, where 1 <

n < Nmax and Nmax i8S a user-specified maximum order for the model,
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and where self-transitions are not considered. Each element ¢} has n + 4
attributes:

thh Lt the no 4+ 1 states defining the transition sequence,
excluding self-transitions, i.e., adjacent states in the sequence must
be different;

— t?’a, the number of times the transition sequence has been traversed;

— t?’z, the total number of time steps that the system has spent in the
state £, after first having traversed the full sequence, 7"+
e

..~ , the sum of the squares of all the durations that comprise t?’z.

Given this AMM representation, the transition probabilities of the embed-
ded Markov chain (i.e., the Markov chain generated by assuming that AMM
state durations follow a geometric distribution) are given by A. The addition
of s* and 57 provides the more general state duration capabilities of an SMP.
T is used in incremental model generation and dynamic model reconfiguration
with state splitting. We present the model construction algorithm next.

3.2. GENERATION OF AMMs

The data used for constructing an AMM consist of a stream of symbols be-
longing to V. In our implemented robot behavior model, the symbols are the
names of behaviors that the robot performs, sampled at some appropriately
high frequency to avoid aliasing. Construction of an AMM proceeds according
to the following algorithm:

1. Initialize the model by creating an initial state, sy. This state provides a
starting point for model construction. No transitions are ever made to sg.
After initialization, V' is empty (no symbols have been seen yet) as are A
and T (no transitions have occurred).

2. Designate the current input symbol to the system as v., and the current
state as sc.

3. If v, has not been seen before, i.e., v. € V:

- V< Vu{o}.

— Create a new state, sp, with sy < v, s# <« 0, and 332 + 0. Set
Qep, — 1/ Eti’é, where the applicable values from T are those with
tr' = s.. Readjust all other transition probabilities, ac.. (Note: ‘x’
represents all values.) Create all of the necessary new transitions in

T having t*! = s,, initializing t*° « 1, +** < 0, and 52" 0.

2
— Update the information about s., including all £ and ¢5™ that
have &' = s.. Use these updated values to recompute s# and s7
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according to the formulae:

sh= %[5, if5>0
0= EEEE s,

where J is the total number of transitions to s., X is the total time
steps spent in s, and Y2 is the sum of the squares of the individual
values comprising X, as obtained from 7T'. Note that (X)? is different
from ¥.2.

— Go to step 6 to check consistency of the model.

4. If v, is the same as the last input symbol:

— Remain in the current state, i.e., s, = sc.

— Readjust all of the transition probabilities, ac«, to account for the
increase in acc.

— Go to step 7.

5. If the current input symbol has been seen before, i.e., v. € V, but is
different from the last symbol:

— Transition to a state, s,, that accepts v..

— Update the appropriate values in S, A, and T, similarly to what is
done in step 3, except that no new state is created.

6. State splitting:

When about to transition from s. to sy, do the following for each order
n, 2 <n < Nimgat

— Calculate the total number of traversals (3" #2°) made along all £*
that have t7? = s, and ¢»*"*! equal to the previous n — 1 states.
Based on this total, calculate the transition probabilities for s. and
their associated binomial confidence intervals (Blyth, 1986).

— If the actual number of nth-order traversals does not fall outside of
the confidence intervals, then there is no nth-order inconsistency in
the model. If all orders have been checked, go to step 7.

— If the actual number of nth-order traversals does fall outside of the
confidence interval, then there is an nth-order inconsistency in the
model and the current state s. as well as the previous n—2 states must
be split. Create the n — 1 new states and re-attribute the transition
and duration information in 7" pertaining to these states. In addition,
create all necessary new elements in 7' and adjust the transition and
duration data in these and other elements of T that are affected.
Expand matrix A to account for the new states, and calculate the
new transition probabilities.
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7. Transition to the new state, setting s, < sp.
8. Go to step 2, repeating until there are no more input symbols.

Step 6 of the algorithm describes state splitting and deserves further ex-
planation. Since an AMM is constructed incrementally from incoming data,
it is important that there be some mechanism for model modification when
new data invalidate the current structure of the model. This mechanism is
provided by state splitting, utilizing data from T to ensure that the model
remains consistent. State splitting allows an nth-order traversal sequence to
be represented in a first-order model, making the model intuitively easier to
understand and simplifying model calculations. A first-order model is easy to
understand because its behavior is fully determined by the current state, i.e.,
one is not required to keep in mind the history of transitions. Calculations are
simplified for a similar reason, i.e., statistical dependencies are first-order.

One issue to note is the potential for erroneous state splitting due to Type
I and Type II errors in our hypothesis test using binomial confidence intervals
(step 6). Given a fixed amount of data, there is a tradeoff between incorrectly
splitting states (Type I error) and not splitting states that should be split
(Type II error) (Freund, 1992). In the extreme, being 100% certain that no
erroneous state splitting occurs means performing no state splitting at all.

The computational complexity of the algorithm per input symbol is at
most O(N™) (for a fully connected nth-order model of N states) with state
splitting, and at most O(N) otherwise. The space complexity is O(N™) for
N fully connected states. Though certainly dependent on the application,
we have noticed that, in practice, graphs tend to be fairly sparse and thus
computational and space complexity tends towards O(N). We now present an
example of AMM construction.

3.3. ExaMPLE oOF AMM CONSTRUCTION

Consider the sequence of input symbols {321421321421321421...}
that alternates between occurrences of {3 2 1} and {4 2 1}. Figure 1 gives
an example of an AMM, capable of capturing up to second-order transitions,
generated with 100 symbols from this sequence. The key item to note in the
figure is that from state #4 (accepting symbol 1) there is a 0.5 probability of
transitioning to state #2 or state #5, and thus generating {321} or {42 1}.
We know, however, that this is an inaccurate representation of the system
since there can never be two consecutive occurrences of either {3 2 1} or
{4 2 1}. Because the next state after #4 depends on two states before, the
system is third order. In contrast, Figure 2 shows the first-order representation
generated by a third-order AMM constructed with the same sequence. One
third-order state split gives two additional states: one that accepts symbol 1
and one that accepts symbol 2. This new first-order representation accurately
represents the symbol sequence.

This illustration of third-order AMM construction demonstrates the case
where there is an inconsistency just in the link traversals, whereas a more
subtle case might also involve inconsistencies in the traversal probabilities.
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#3
prob=1.0e+00

#6
prob=1.0e+00

#2
prob=1.0e+00

#4
prob=1.0e+00

#1
prob=4.8e-01

#5
prob=5.2e-01

Figure 1. A example of a first-order or second-order AMM generated with 100 input symbols
from the sequence {321421321421...}

#4
prob=1.0e+00

#3
prob=1.0e+00

#2

‘ prob=1.0e+00

#5
prob=1.0e+00

o
. #8 #6
0ob=1.0e+00
o #1 prob=1.0e+00 _/ #6 “\_ Pprob=1.0+00

sym=1 @

Figure 2. A example of a third-order AMM generated with 100 input symbols from the
sequence {321421321421...}

Next, we consider in more detail the application of AMMs to the mobile
robotics domain.

4. Model Use with Mobile Robots

AMDMs can be constructed and modified as a mobile robot is performing a task,
in order to capture the dynamics of its interaction with the environment. The
ability of our AMM construction algorithm to capture higher-order dynamics
provides part of the expressiveness required to model the richness of inter-
action. The use of behavior-based control (BBC) as a substrate for AMM
construction provides the remaining representational expressiveness.
Behavior-based control (BBC) is a paradigm for constructing controllers
for situated agents (Brooks, 1991; Matari¢, 1992). In BBC, a controller is
organized as a collection of processing modules, called behaviors, that receive
input from sensors and/or other behaviors, process the input (possibly mod-
ifying internal state), and send output to effectors and/or other behaviors
(Figure 3). Each behavior generally serves some coherent, independent goal-
achieving or goal-maintaining function, such as avoiding obstacles or homing
to a destination. All behaviors in a controller are executed asynchronously and
in parallel, simultaneously receiving input and producing output. An action
selection mechanism prevents conflicts when signals are simultaneously sent to
the same actuators or behaviors (Pirjanian, 1998). Behavior-based control has
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BEHAVIOR
Sensors - = effectors

processing

. state ;
BEHAVIOR behaviors behaviors

BEHAVIOR

Figure 3. The basic structure of a behavior-based controller. Behaviors receive input from
sensors and other behaviors, process the input possibly changing internal state, and send
outputs to effectors and other behaviors. (Sensors are represented by the Sony pan-tilt-zoom
camera on the left, and effectors by the Sarcos Dextrous Arm on the right.)

proven to be an effective paradigm for developing single-robot and multi-robot
controllers (Matari¢, 1997; Arkin, 1998).

AMMs with BBC are the synergistic combination integral to the work in
this paper. AMMs provide the ability for on-line, real-time model construction
in higher-order Markovian systems, while BBC provides the representational
richness for capturing interaction dynamics. In addition, because BBC ab-
stracts low-level sensing and action into behaviors with coherent functions,
it both provides a parsimonious space for AMM construction and facilitates
interpretation of the models. In this paper, we use the states of an AMM
to represent the execution of individual behaviors of a controller. One caveat
in using BBC is that, because the controllers can carry state with extended
history that impacts behavior execution, the interaction dynamics captured
in terms of behaviors may not be (first-order) Markovian (Whitehead and
Lin, 1995). The ability of our AMM construction algorithm to represent
higher-order Markovian systems, however, compensates for this.

In order to use BBC with AMMSs, one must determine an appropriate
behavior space, i.e., a set of behaviors that do not overlap in execution, that
continuously describe the robot’s activity, and that are uniquely labeled.
One of these labels or symbols is sent to the model generation algorithm
at each time step as an indication of the behavior that is currently active.
It is important to note that the algorithm only accepts one symbol per time
step. If the robot’s control system is structured so as to utilize simultaneous
execution of two or more behaviors, the AMM algorithm will only be able to
consider one of their symbols as input. Unless that one symbol is consistently
used to represent the parallel execution of both behaviors, the result will be
a model unrepresentative of the actual behavior dynamics. If no behavior is
executing, a special symbol representing a “null” behavior should be sent to
the algorithm.

Thus, the symbols of the behavior space should represent the non-overlap-
ping execution of a collection of behaviors that account for all of the robot’s
time/activity. More precisely, in behavior space B = {B;, Bs, ... , Bk}, no two
behaviors B; and B; are simultaneously active. (It is possible, however, for
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an individual behavior, B;, to represent the concurrent execution of multiple
behaviors in the controller.) In addition, if T¢ot is the total time that the
robot is active, and 7Tg, is the total time that behavior B; is active, then
Tiot = Zfil 75, The behavior space B need not contain all of the behaviors
that the robot may exhibit, only a subset that adheres to these criteria and
is appropriate to the problem under consideration.

In the unlikely worst case scenario where all of the behaviors on a robot
are executed in parallel for 7¢,¢, or where there is only one behavior, B also
consists of exactly one behavior. The AMM generated in this degenerate case
has one non-initial state that it never leaves, and consequently is of no practi-
cal use. Fortunately, the large majority of current approaches to robot control,
ranging from hybrid to behavior-based, utilize sequences and priorities over
the actions and behaviors executed on the robot (Matari¢, 1997; Gat, 1998).
As long as the behavior of the robot can be decomposed into a behavior space,
AMMs apply as a modeling tool.

In the next section, we describe how to derive AMM statistics used later
in our moving average algorithm for state estimation.

5. AMM Statistics

We derive several useful statistics from an AMM that we will subsequently
use in our reward maximization criterion and our dynamic moving average
algorithm using multiple AMMs.

One such statistic is the expected number of time steps the system takes
to reach a destination state from a given start state. This is known as the
mean first passage (Roberts, 1976). Markov chain theory provides tools for
easily calculating such expectations. We apply these tools to AMMSs, then use
the results to calculate two other statistics: the total variance associated with
the mean first passage, and the accompanying degrees of freedom. (A more
detailed treatment of Markov chain theory, including proofs and derivations,
is available in Roberts (1976) and Kemeny et al. (1966)).

5.1. MEAN FIRST PASSAGE

The first step in calculating the mean first passage is to extract the N x N
transition matrix P of an AMM M with N non-initial states. P is identical
to the transition matrix A except that all entries involving sy are removed.
Each element p;; of P is thus the probability of transitioning directly to state
sj given that the system is in state s;.

In order to be able to continue the calculation of the mean first passage,
P must represent a reqular Markov chain, i.e., every state in the underlying
directed graph of P must reach every other state in some constant integer, x,
number of steps. If P is ergodic (i.e., every state can reach every other state)
and it has a non-zero main diagonal, then it is also regular (Roberts, 1976).
We can determine that a directed graph is ergodic by showing that it has one
strongly connected component (see Cormen et al. (1990) for an algorithm).
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Reward Maximization in a Non-Stationary Mobile Robot Environment 13

Given that P is regular, we calculate the stationary vector w = wy, ... ,wn
giving the probability of being in each state s1,s2,...,sy of M in the limit.
w is found by solving the system of equations wP = w with the constraint
that w; + we + -+ - + wy = 1. Using w, we calculate the fundamental matriz
Z = [I—(P—W)]~1, where W is the square matrix with w as each row. Z now
enters the calculation of the mean first passage matrix E = (I — Z + JZ4g)D,
where J is a matrix of 1’s, Zg, is the diagonal matrix containing the main
diagonal of Z, and D is the diagonal matrix with d;; = 1/w;. Each element
e;j of E represents the mean first passage from state s; to s;.

In terms of AMMs, we are interested in the mean first passage from an
input symbol v; to another input symbol v;. Since each input symbol may
be recognized by several states in the AMM, the mean first passage between
two input symbols may not be unique. In general, if n states recognize v; and
m states recognize v;, then nm entries in E represent the mean first passage
between these symbols. In such a case, our interest is in the minimum mean
first passage between two input symbols and the corresponding states that give
this value in E. For symbols v; and vj, let &;; be this minimum value from E.
Let s, and sg be states such that eqg = €.

Once we know the states associated with the minimum mean first passage,
we can calculate the expected amount of time spent in each state before reach-
ing s3. To do so, we first convert our regular Markov chain into an absorbing
chain with sg as an absorbing state. Essentially, this means modifying P so
that once the system enters state sg it does not leave it, i.e., agg = 1.0.
The transition matrix P is converted into a new matrix ) containing only
transitions to and from the N — 1 non-absorbing states by simply deleting the
B-th row and column from P. Note that a # 3. The fundamental matrix R
for the absorbing chain is given by R = (I — @)~!, where each element, Tij
represents the expected amount of time spent in the j-th non-absorbing state,
given that the system starts in the i-th non-absorbing state, and

N-—1

Z Taj, ifCK < ﬂ
_ Jj=1
€aB =9 N-1

Z T(a—1)j> ifa> .

j=1

5.2. VARIANCE OF MEAN FIRST PASSAGE

In order to calculate the variance associated with a value in the mean first
passage matrix, we first note that the embedded Markov chain of an AMM
may be interpreted as a set of random variables, one for each state of the
chain. Generally, it is assumed that these random variables are independent,
identically distributed, and follow a normal distribution. Our calculation of
variance also assumes independence and a normal distribution, but to be
more general it allows non-identical distributions. Given a set of independent
random variables { X1, Xo,... ,Xn} with each X; having an associated pop-
ulation mean y; and variance o2, we wish to calculate the mean and variance
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for the linear combination Y = ¢; Xy + ¢ X5 + - - - + ¢, X,,. Basic results from

statistics tell us that the mean of YV is uy = Zf;l c;v; and the variance of Y

e 42 NV 2 2 :
is oy = ) ;. ¢;o;. In our case, we do not know the population means and

(3
variances and instead use the sample means and variances calculated for each
state of the AMM, i.e., s* and 57" .

Given eq3, Sa, 53, and the fundamental matrix R generated by making sg
an absorbing state, we calculate the variance associated with e,3. As shown
previously, eqg is equivalent to the sum of the row of R associated with s,.
Equivalently, e, may be expressed as a linear combination of the s!' extracted
from the AMM:

N
— 7
€ag = g CiS;
i=0

where
Toi/SH, ifa<pBandi<f
ra—1,i/st, fa>pfandi<f
i =1 Tai-1/st, ifa<pfandi>g
Ta—1,i-1/s%, ifa>pandi >
0, ifi=3

Now that we have expressed e,z as a linear combination of the means of the
random variables composing the AMM, we can do similarly for the variance
of eqp:

N

var(eqg) = Z c?s?

i=0

2

with the ¢;’s calculated as above.

5.3. DEGREES OF FREEDOM

The number of degrees of freedom associated with the linear combination
Y = Ei\; c; X; may be expressed as

2

N 2 var(X;)
2"y,

N [e2 var(Xi)/VXl.]2

2 o

i=1 i

where Vx; is the sample size used in the calculation of var(X;). This is an
expanded version of the formula found in Press et al. (1992). To apply this

2
250

757 in place of

to our calculation of the variance of e,3 we simply use c
c? var(X;), with the ¢;’s calculated as above, and with

Vx, = Z t;’é,

{ijtht=s;}

i
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Reward Maximization in a Non-Stationary Mobile Robot Environment 15

where Vy, is the total number of transitions made to state s;.

5.4. THE t-TEST AND F-TEST

Given the mean first passage values in E and their associated variances and de-
grees of freedom, we can perform two standard tests of statistical significance:
the t-test and F-test (Freund, 1992). The ¢-test uses Student’s ¢ distribution to
determine whether the difference between two means is significant. Calculation
of this test requires the two mean values and their combined degrees of freedom
derived above. The F'-test uses the F' distribution to determine if the variances
of samples from two normal distributions are significantly different given their
degrees of freedom, i.e., the amount of data in the samples. These two tests
can be used to compare values for mean first passage and variance within the
same AMM and across AMMs. Press et al. (1992) provide more details on the
computation of these tests. See Peizer and Pratt (1968) and Ling (1978) for
computationally efficient approximations to F' and ¢ tail probabilities for use
in these tests.

In the next section, we use AMMs and the statistics derived above in our
dynamic moving average algorithm.

6. Dynamic Moving Average Algorithm

To manage the amount of data used to estimate the state of a non-stationary
environment, we present an algorithm that essentially computes a moving av-
erage with a dynamic window size, increasing and reducing the amount of data
used in the moving average as necessary. The algorithm maintains multiple
AMMs for different time intervals, and uses a t-test and F-test on comparable
values from the different AMMs to determine which AMM provides the best
information. These tests allow the algorithm to adjust the window size of the
moving average to accommodate both the amount of variance in the system
and the type of non-stationarity (ranging from abrupt to very gradual). The
window size of the moving average is allowed to grow by maintaining and
expanding old AMMs, and is shrunk by deleting AMMs. We now present, the
algorithm, followed by a discussion of some of its features.

1. Let £ be a queue of AMMs, initialized to contain one
model. We designate the first AMM in the queue as Lo,
and subsequent AMMs as L1, L2, .... When Lg is removed
from the queue, the designations shift so that £, becomes
Ly, and so forth.

2. Let w; and wr be constants specifying the significance
levels for the t-test and F-test, respectively.

3. Let mode be a variable designating the two modes of the
algorithm.
4. For each new input symbol do the following;:
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16 Goldberg and Matari¢

Update each AMM in £ with the new input.

If a new AMM is required, then:
Create a new AMM and add it to the end of L.
Update the new AMM with the input.

© ® N o

Compute the mean first passage matrix for £y. Extract the
desired values and calculate their associated variances and
degrees of freedom.

10. Do the same for L.

11. Perform an F-test between the variances calculated for £y
and El .

12. If the significance level returned by the F-test is less than
wr (i.e., the variances are different) then set mode=1, else
set mode=2.

13. If mode==1, then let i be the index of the first AMM in
L after Loy that has either significantly different variances
or significantly different means (i.e., significance level <
wr,w) as compared to Lo. If such an i exists, delete L
through £;_» and use the new Ly as the best estimate of
the state.

14. If mode==2, then let i be the index of the first AMM in
L after Ly that has neither significantly different variances
nor means (i.e., significance levels > wp, w;) as compared
to Lo. If such an i exists, delete Lo through £; ; and use
the new L as the best estimate of the state.

15. If no such 7 exists for either value of mode, then do not
delete any AMMs and use the current Ly as the best
estimate.

There are several characteristics of the algorithm worth noting. Each AMM
in £ provides an (average) estimate with a different window size. Lo has the
largest window size because it is generated with the most data and provides
the current best guess for the state of the system. When L is deleted, the
average “moves” to the next AMM and the window size decreases. When L,
is not deleted and is instead grown to incorporate more data, the window
size of the average expands, but the average does not “move.” The key to
maintaining a good estimate of the state of the system in Lo is to allow the
AMM to incorporate enough data to provide a good average, but not so much
that the average becomes skewed with old data.

The algorithm attempts to do this by adjusting the amount of data in the
moving average to accommodate the variance in the system. This is accom-
plished by considering deletion of Ly, the AMM representing the largest time
window of data, only when its variance is comparable to (i.e., not significantly
different from) that of another AMM. When the variability in the system is
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high, the AMMs require more data (i.e., larger windows) to acquire compa-
rable variances. When variability is low, less data are required to accurately
characterize the variances of the system.

The algorithm has two distinct modes. In the first mode (mode=1), the
algorithm removes redundant/old data. In systems with very gradual non-
stationarity, this mode effectively maintains a good moving average estimate
of the state. When there is an abrupt change in the system, the comparable
means of adjacent AMMs in £ may become statistically different as more
data are collected, causing the first mode to stall (i.e., not delete old AMMs).
The second mode (mode=2) solves this problem by comparing non-adjacent
AMDMs to find two that are not significantly different. The second mode then
“jumps over” the intervening AMMs by deleting them.

The decision criterion used to create a new AMM (line 6) is very general.
For example, a new AMM might be created after a certain period of time,
a certain number of input symbols, or when a particular input symbol is
observed. In the experiments described below, a new AMM is created every
time the robot finds a mine (puck) to collect. The decision criterion for creating
new AMMs, in conjunction with the characteristics of the system (variability,
type of non-stationarity) determine how many AMMs are maintained by the
algorithm, which determines the computational complexity of the algorithm.
In the experiments described later, we observed the algorithm to maintain a
small number of AMMs (e.g., between 5 and 15).

One final item of note is the importance of the w; and wp thresholds
for the significance level. Both values must be in the interval [0, 1.0], with a
significance level of 0.05, or less, generally considered significant. The effect
of wy and wp is to adjust the size of the moving average window. Extremely
large values of both thresholds produce a very large window with excessive
smoothing and a potentially skewed estimate of state. Very small values of
the thresholds result in a small window and state estimation that is prone to
overfitting. Empirical tests suggest that values in the interval [0.01,0.1] tend
to work well, with relatively little sensitivity. It should also be noted that the
experiments described later use this algorithm in real time.

In Section 8, we present our reward maximization criterion, and in Sec-
tions 9 and 10, we show how the use of the dynamic moving average algorithm
just presented improves performance in non-stationary environments. First,
we describe our experimental mine collection task and the associated behavior
space.

7. Mine Collection Task

To validate our dynamic moving average algorithm and its application to
reward maximization, we use a task analogous to the mine collection example
of the Introduction. The experiments are implemented on a real mobile robot
and in simulation.
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18 Goldberg and Matari¢

Figure 4. The four IS Robotics R2e robots used in the experiments. Each robot is
approximately 1 foot (25 cm) along each dimension.

7.1. THE RoBoT

We used four IS Robotics R2e robots (Figure 4) in the experiments, not
concurrently, but one at a time. Each robot is a differentially-steered base
equipped with two drive motors and a two-fingered gripper. The sensing
capabilities include piezo-electric contact sensors around the base and in the
gripper, five infrared (IR) sensors around the body and one on each finger,
a color sensor in the gripper, a radio transmitter/receiver for communication
and data gathering, and an ultrasound triangulation system for positioning.
The robot is programmed in the Behavior Language (Brooks, 1990). Experi-
ments were performed in an 11 x 14 foot rectangular enclosure (the Corrall).
The Corrall had up to 36 small plastic cylinders (pucks) of two different
colors: clear (representing large mines) and black (representing small ones).
The pucks were evenly distributed throughout the Corrall, except in the drop-
off area, called Home, a ninety degree sector of a circle with a radius of two
feet, located in one corner. (Figure 5).

7.2. BEHAVIORS

The Behavior Language, used for programming the robots, provides a natural
structure for implementing behavior-based controllers. Behaviors are defined
as sets of concurrent, real-time, asynchronous rules receiving inputs from
sensors and other behaviors, and sending outputs to actuators and other
behaviors. A set of these behaviors can easily map to the behavior space
for an AMM, as with our experimental mine collection task. The following 9
behaviors constituted the behavior space for our task:

— wandering: move forward and, at random intervals, turn left or right
through some random arc.

— avoiding: avoid any object (detected by IR and contact sensors) deemed
to be in the path of the robot.

— puck detecting: if avoiding is not active, and if an object is detected by
the front IRs, lift up the gripper fingers to determine whether the object
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is short enough to be a puck. If it is, approach the object and try to place
it between the fingers and pick it up. If unsuccessful, perform avoiding.

— color detecting: if puck detecting has picked up a puck, detect the
color of the puck. If it is the desired color, then perform homing, else
perform leave puck.

— leave puck: drop the puck and continue searching for more, using avoid-
ing, wandering and puck detecting.

— homing: if carrying a puck, move towards the designated goal, Home.

— creeping: when near Home, perform a slower, more accurate homing
behavior.

— exiting: if in the Home region, drop puck and exit Home.

— reverse homing: move away from the Home region.

The color detecting, homing, avoiding, and creeping behaviors are all
parametrized to indicate the color of puck that the robot has found, so that a
different input symbol is fed to the AMM construction algorithm depending
on that color/type. This qualification allows us to calculate the expected time
for finding and delivering each type of puck/mine from the AMM statistics.
Control of the robot’s drive motors was the basis for selecting the constituent
members of this behavior space. When active, each of the behaviors has
exclusive control of the motors, and together they account for all activity
(or inactivity) of the motors for the duration of the task. We now present the
validation experiment and results for the reward maximization criterion.

8. Experiment 1: Validation of the Reward Maximization
Criterion

Before demonstrating reward maximization in a non-stationary version of the
mine collection task, we first validate the reward maximization criterion in
a stationary environment. This validation is necessary to ensure that our
subsequent results are not biased by an invalid assumption about the value of
reward maximization. If it were shown that our reward maximization criterion
did not improve performance over random behavior, then the utility of our
dynamic moving average algorithm in the non-stationary version of the task
would be suspect.

We now more formally define the reward maximization criterion. Let R
and R; be the rewards for small and large mines, respectively. Let 7/ be
the expected time required for the robot to find a small mine, and let 7¢ be
the expected time to deliver the mine to the goal location once it has been
found. Similarly, Tlf and Tfl represent these times for large mines. The robot
maximizes its reward by deciding for each mine found whether to deliver it
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Figure 5. The mine collection task: setup for validation of the reward maximization
criterion.

or leave it in search of a higher-valued one. The action chosen is the one that
maximizes the expected reward per unit time (and thus the overall expected
reward). If the robot finds a small mine, and the inequality

R Ry
i 7 d
Ts T + 7

holds, then delivering the small mine maximizes reward. The inequality states
that the reward per unit time for delivering the small mine that has been found
should be greater than the reward per unit time for leaving the small mine to
find and deliver a large one. If this inequality does not hold, the small mine
should be left and a large mine sought. The complementary inequality

R R

7-_; > f : d

l Ts + Tg

is used when a large mine is found.

The main issue is calculating 7¢ and 77 for each mine type. One could
maintain internal variables that record these values. Our approach, however,
is to calculate these values from the robot’s AMM. As discussed previously,
each element, e;;, of F gives the mean first passage from state ¢ to state j. £
also contains the values for 7/ and 7¢. 7/ is simply the entry in E associated
with the minimum mean time from a wandering state to a color detecting
state, and 7% is the minimum mean time from a color detecting state to a
wandering state. In other words, if v; is the input symbol for the wandering
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behavior and vs is the input symbol for the color detecting behavior when
a large mine is found, then 7! = €5 and Tlf = £15.

We performed two sets of experiments: one control set where the robot
collected both types of pucks without discrimination, and one set with reward
maximization allowing the robot to decide which pucks to collect. For these
experiments, reward values were set in proportion to a mine’s explosive power,
thus making reward maximization identical to minimizing the mine field’s
destructive potential. The setup for both sets of experiments was identical,
with 18 clear pucks (large mines) and 18 black pucks (small mines) evenly
distributed in the Corrall (Figure 5). Each clear puck had a reward of 4 points,
while each black had a reward of 1 point. In addition, the environment was
kept stationary by replenishing collected pucks. We performed five one-hour
trials for each experiment. Using the reward maximizing criterion, the robot
accrued an average of 46.6 points, while without reward maximization the
robot averaged 37 points. A hypothesis test based on Student’s ¢ indicates
that the means are different at a significance level of 5%, and validates our
reward maximization criterion. One issue of importance in this experiment
and the following ones is the designation of reward values for pucks. Because
of the time required to find a puck, setting reward values too close (e.g., 1
point and 2 points) could preclude ever satisfying the reward maximization
criterion, making reward maximization a moot issue. Setting reward values
too far apart (e.g., 1 point and 1000 points) could trivialize the problem.
Thus, reward values in our laboratory experiments were set to a compromise
that allowed for statistically significant results within a reasonable number of
experimental trials. In a real world setting, reward values would likely be set
to meaningful values without concern for their relative magnitudes.

We now present experimental results from applying the dynamic moving
average algorithm to an abruptly changing non-stationary version of this task.

9. Experiment 2: Abruptly Changing Environment

In this set of experiments, we aim to show that, in an abruptly changing
non-stationary version of the mine collection task, reward maximization with
the addition of the dynamic moving average algorithm is superior to reward
maximization alone. The hypothesis is that when the environment changes,
average values of 7/ and 7¢ become inaccurate and thus not effective for
reward maximization. Using a dynamic moving average allows us to main-
tain effective estimates of 7/ and 7% and to adapt to environmental changes
relatively quickly.

The environment was first initialized to contain only 18 clear pucks (Fig-
ure 6). We ran one trial of approximately 20 minutes in this environment,
during which the robot collected 4 clear pucks. This result is extremely vari-
able: the actual time to collect 4 pucks could easily range between 10 and 30
minutes. In order to reduce the variability, the data from this one trial were
used as a primer for all of the subsequent experiments, in which the white
pucks (large mines) were replaced with black (small) ones. Doing so allowed
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Figure 6. The mine collection task: setup for reward maximization in a non-stationary
environment.

us to focus on the key experimental parameter: the time required to adapt to
the new environment. We considered the robot to have adapted to the new
environment when it consistently began collecting black pucks.

We ran two experiments using reward maximization with the dynamic
moving average algorithm and three experiments using reward maximization
alone. The reward for a white puck was 7 points and the reward for a black
puck was 1 point. For reward maximization alone, the mean time to adaptation
was 47 minutes, while the mean time with the algorithm was 18.3 minutes.
A t-test indicates that these means are different at a significance level of
0.01. This strongly supports our hypothesis that the dynamic moving average
algorithm allows faster adaptation to abrupt non-stationarities.

10. Experiment 3: Gradually Shifting Environment

In this set of experiments, we test the effectiveness of the dynamic moving
average algorithm for reward maximization in a gradually shifting environ-
ment. Instead of abruptly changing the color of the pucks, as in the previous
experiment, here the environment shifts slowly as the robot collects pucks. Due
to the high degree of variance in the mine collection task using physical robots,
we anticipated that the number of experiments we would have had to conduct
in order to obtain statistical significance in the gradually shifting environment
would have posed a practical impossibility. The experiments described in this
section were therefore conducted in simulation.
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Figure 7. The simulated mine collection task: setup for reward maximization in a gradually
shifting non-stationary environment.

The simulation was initialized to contain 18 clear pucks worth 10 points
each, and 18 black pucks worth 1 point each (Figure 7). Three experimental
scenarios were examined:

1. random: the robot collects any puck it encounters regardless of color.

2. control: the robot uses the reward maximization criterion, but does not
employ the dynamic moving average algorithm used to compensate for
non-stationarity.

3. algorithm: the robot uses both reward maximization and the dynamic
moving average algorithm for state estimation.

We conducted trials of 50,000 simulation steps for each scenario: 200 trials
of the random scenario, 40 of control, and 100 of algorithm, with the
actual number determined by the desired level of statistical significance. The
data gathered included the time at which each puck was collected, allow-
ing us to calculate the accrued number of reward points. Figure 8 presents
the average number of reward points accrued at 1000-time-step intervals for
each of the three scenarios. The maximum possible accrued reward is 198
points, corresponding to the collection of all 36 pucks. Both the random
and algorithm scenarios essentially reach this maximum by the end of each
trial (with average accrued points of 197.8 and 197.5, respectively). The
control scenario outperforms the other two until around 20,000 time steps,
then quickly declines, ending with an average reward of 184.4. Because the
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Figure 8. Average accrued reward for the three experimental scenarios (puck point values:
black=1, clear=10).

control scenario blindly collects only clear pucks, it does somewhat well at the
beginning of the trials, but its inability to adapt (as the algorithm scenario
can) to the changing environment causes large performance degradation once
clear pucks become depleted. The discrepancy between the algorithm and
control cases illustrates the importance of eliminating outdated information,
and the effectiveness of our algorithm in doing so. As a further comparison,
we calculate the number of reward points that the robot is expected to have
accrued on average during the course of a trial: 151.6 for random, 149.3 for
control, and 153.8 for algorithm. These data are significantly different at p-
value< 0.02 using a two-tail version of Student’s ¢ test. The superiority of the
algorithm case illustrates the effectiveness of our moving average algorithm
for reward maximization in a gradually shifting environment.

It should be noted that the random scenario used above lies along a
continuum of possible experiments distinguished by the probability with which
the robot collects (or discards) each puck it encounters. For comparison with
the control and algorithm scenarios, we used the random case in which the
robot collects 100% of the pucks it encounters. Intuitively, one would expect
this to be the best performing of the random cases. When the probability of
collecting a found puck is less than 1.0, the robot wastes more time searching
for pucks but does not improve its reward since it discards both high-valued
and low-valued pucks with equal probability. To verify our intuition, we con-
ducted 80 trials for each of three lower probabilities of collection: 0.75, 0.50,
0.25. As expected, the data show that there is a continual significant decrease
in accrued reward as the probability of collection decreases. The expected
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Figure 9. Average accrued reward for the four versions of the random scenario with different
probabilities for collecting pucks (puck point values: black=1, clear=10).

reward points accrued on average during the course of a trial (in order of de-
creasing collection probability) are: 151.6, 148.5, 140.3, 118.3. Pairwise t-tests
indicate that the four random scenarios are indeed different at a significance
level of 0.0001, and Figure 9 visually demonstrates this difference. Thus, it
might initially seem that the random cases with lower collection probabili-
ties are more appropriate for comparison with the algorithm and control
scenarios. It is, however, the collection probability of 1.0 that is the most
difficult challenge for our algorithm, and consequently the one we used for the
comparisons described here as well as those in Section 8.

We also tested our algorithm in a more challenging set of experiments
where the point values of pucks were closer together (black=1, clear=4). Close
point values make the difference in reward for collecting the “wrong” versus
the “right” colored puck very small, and thus further sensitize the performance
of the robot to the accuracy of the estimate of environmental state. In these
experiments, we compared data from 140 trials of the control and algorithm
scenarios, and 200 trials of the random scenario (all trials being run to
50,000 simulation steps). The expected reward accrued on average during
these scenarios was, respectively: 67.99, 69.67, 69.02. Note that this is different
from the average reward at the end of the scenarios, which is approximately
90.0. A t-test shows these results to be different at a significance level of
0.02. The superior performance of the algorithm scenario given the closeness
of the data (Figure 10) helps illustrate the effectiveness of our AMM-based,
moving-average state estimation algorithm using dynamic windowing.
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Figure 10. Average accrued reward for the three experimental scenarios with close point
values for pucks (black=1, clear=4).

We have also performed tests of the algorithm in environments with other
initial puck configurations, e.g., having the clear pucks close to the goal loca-
tion and black pucks further away, and vice versa. Results from preliminary
trials indicate that our algorithm continues to provide superior performance,
but that the magnitude of the improvement diminishes. It is clear that in
certain environments the algorithm scenario does not significantly improve
performance over random and control, or that the improvement is so slight
as to be inconsequential. The superiority of the algorithm scenario is most
evident when the difference between reward values (for the puck types) is
large (i.e., the importance of the decision to collect a puck increases) and
when the environment shifts abruptly. Currently, we have only investigated
systems where the non-stationarity is either gradual or abrupt. In future
work, we intend to consider systems where gradual and abrupt changes both
occur, e.g., there is a gradual change in the system that eventually triggers a
catastrophic/abrupt event. An example might be gradual sensor degradation
followed by catastrophic sensor failure.

11. Related Work

We confine our review to a selection of most relevant work in mobile robotics
and statistical modeling. Various models have been employed on mobile robot
platforms to date, a few examples of which we consider here. Cassandra et al.
(1996) use a partially observable Markov decision process (POMDP) to model
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uncertainty of location in a robot navigation task for an office environment.
This work is similar to ours in that both explore model construction on, and
use by, a mobile robot. The high computational complexity and large data
requirements for POMDP generation, however, make it necessary to use a
number of heuristics to reduce the problem size and facilitate learning in
addition to often running numerous trials, neither of which is the case with
our approach.

Koenig and Simmons (1996) use a POMDP to model sensor, actuator,
and metric uncertainties in a similar office navigation task. For tractability,
the learning system on the robot is initialized with a POMDP compiled off-
line using sensor models and a topological map with metric uncertainties.
A modified POMDP learning algorithm is used to passively fine-tune the
probability distributions. Somewhat similarly, our work uses AMMs passively
to capture statistics about the interaction dynamics between a robot and
its environment, with the data used to influence the robot’s behavior. Both
POMDPs and AMMs represent uncertainties using probability distributions,
but POMDPs, being decision processes, also enable learning of control policies.
Such policies may require sensor and environment state information, making
the search space large and requiring more (possibly heuristic) computation.
The number of states in a POMDP is usually pre-specified, whereas in an
AMM it is learned and depends on the number of input symbols and the
order of the system.

Michaud and Matari¢ (1998) present a learning technique that uses a
behavioral model of a robot’s interaction with the environment. The model
takes the form of a tree capturing the history of behavior use, i.e., specific
sequences of behaviors, with nodes representing executed behaviors, and links
representing transitions between them. Their approach and our AMMs are
both constructive, being generated and modified as needed. Unlike AMMs,
which can form graphs with alternative behavior choices represented by prob-
ability distributions over transitions, their approach stores potentially long
linear sequences of behaviors in a tree with branches indicating alternative
choices. The result is that the tree representation may require many trials to
collect useful statistics, whereas AMMSs can be generated during the course of
one trial. This, however, is understandable given the goal of their work is for
the robot to learn how to perform a task efficiently. By contrast, in our work
the robot has a controller for the task, but must make intelligent decisions
about how to proceed given its experience in the environment.

Koseckd and Bajcsy (1993) present Discrete Event Systems (DESs) with
emphasis on applications to mobile robotics. The structure of this DES ap-
proach is also related to AMMSs, both being represented as directed graphs
with behaviors as states. Unlike AMMs, DESs require a priori specification of
all possible states, events, and the full transition function. This specification
endows DES with control theoretic properties, though a practical specification
of these parameters for mobile robots would seem to require heuristic engineer-
ing. Mahadevan and Theocharous (1998) have applied the notion of discrete
(though time-extended) events to a Markov decision process for modeling
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industrial manufacturing. The goal is to optimize production using reinforce-
ment learning. Other work has also used such hybrid SMP/MDP models, or
semi-Markov decision processes (Sutton et al., 1999; Wang and Mahadevan,
1999), as well as dynamical systems approaches (Beer, 1993; Smithers, 1995)
to model the interaction between an agent (robot) and its environment.

The basic structure of augmented Markov models is very similar to that
of hidden Markov models (HMMs) (Rabiner, 1989). The difference is that in
an AMM, there is only one observation symbol per state, as opposed to a
probability distribution over observation symbols in an HMM. In addition,
an AMM assumes that the state of the system is known, thereby removing
the HMM hidden state assumption. Our construction algorithm, however, is
able to capture hidden state associated with higher-order transitions. Han and
Veloso (2000) use HMMs to represent robot behaviors in a real-time behavior
recognition system employed in a robot soccer domain. We chose AMMs for
the work in this paper because of our need to construct higher-order Markov
models incrementally and on-line, which is not as easily accomplished with
HMDMs. In addition, we did not require the hidden state capabilities of HMMs.

The notion of splitting AMM states based on local estimates of mean and
variance is related to work by Hanson on the stochastic delta rule used in
updating mean and variance estimates on the weights of feed-forward neural
networks. Meiosis Networks use these mean and variance estimates to decide
when to split states in the hidden layer (Hanson, 1990).

A complementary notion is that of state merging, explored by Stolcke and
Omohundro (1993) for learning the number of states and topology of an HMM.
The approach begins by constructing a specialized model exactly representing
all of the data. Successive merging operations are used to generalize the
model while making certain that the Bayesian posterior probability of the
model given the data does not decrease. This approach is similar to our AMM
construction algorithm in being data-driven, but differs in, among other ways,
its use of state merging rather than state splitting, and its non-incremental
processing style. Seymore et al. (1999) also use Bayesian model merging for
learning HMM structure.

Other similar state splitting approaches have been explored. McCallum
(1996) presents Utile Distinction Memory (UDM), an algorithm that splits
the states of a POMDP using a method for storing statistics that is almost
identical to the statistics in an AMM. The state splitting tests used in the
two approaches are also very similar. UDM performs state splitting based on
reward distinctions and not perceptual distinctions. This limits the growth
of the POMDP to the complexity of the task and not the complexity of
the perceptual space. (In contrast, Chrisman (1992) explored reinforcement
learning with state splitting based on perceptual distinctions.) Our use of
behaviors (instead of actions, precepts, etc.) serves a similar function — the
AMM is only as complicated as the interaction between the robot, controller,
and environment, for a particular task. UDM, however, is quite slow to learn
and not appropriate to the type of incremental, on-line construction explored
in this paper and provided by our AMM construction algorithm. U-Tree, the
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culminating algorithm in McCallum (1996), allows for higher-order Markovian
systems, as well as perceptual and reward distinctions. While quite useful in
the reinforcement learning framework, it is not well suited to the problems
explored in our work. We have focussed on modeling the execution of a con-
troller (for the mine collection task) as a robot interacts with its environment,
not on constructing the controller.

Much research has also been conducted on the performance and properties
of robot collection tasks similar to the one we use (Arkin et al., 1993; Arkin
and Ali;, 1994; Parker, 1994; Fontan and Matari¢, 1998; Balch, 2000). The
reader is encouraged to see Cao et al. (1997) and Matari¢ (1995) for a more
complete set of references from Artificial Intelligence, Robotics, Distributed
Al and Artificial Life.

While not the focus of this review, much work has been done in the
statistics community on sequential changepoint detection. Lai (1995) provides
a review of some of the literature. Our dynamic moving average approach
is related to various changepoint detection schemes, particularly those that
employ moving averages. Our approach, however, differs from much of the
statics literature in one significant way. Rather than, for example, estimating
the mean of a particular distribution (Chernoff and Zacks, 1964), it functions
at more of a meta-level, selecting the model (AMM) that best represents the
current state of the system.

12. Conclusions

We have presented an algorithm for moving average state estimation in a non-
stationary environment. The algorithm learns multiple augmented Markov
models (AMMs) and uses statistics from these to dynamically adjust the
window size of the moving average. It requires no a priori knowledge of
the environment, and is designed to compensate for both the variability and
the manifested types of non-stationarity (from abrupt to gradual shifts) in
a stochastic system. We have applied this algorithm to the problem of re-
ward maximization in a situated mine collection task for robots, and shown
that it improves performance in environments with abrupt and gradual non-
stationarities.
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